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Synchronized Formation Rotation and Attitude Control

of Multiple Free-Flying Spacecraft

P. K. C. Wang
University of California, Los Angeles, Los Angeles, California 90095-1594
and
F. Y. Hadaegh and K. Lau
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109-8099

In the observationslewing of longbaseline interferometers formed by multiple free-flying spacecraftin formation,
it is required to rotate the entire formation about a given axis and to synchronize individual spacecraft rotation
with formation rotation. Using a particle model for spacecraft formation dynamics and a rigid-body model for
spacecraft attitude dynamics, control laws are derived for this mode of operation in the absence of a gravitational
field and disturbances. A simplified control law suitable for implementation is also obtained. It is shown that under
mild conditions the formation alignment error decays to zero exponentially with time. Computer simulationstudies
are made for a free-flying spacecraft triad in a triangular formation. The results show that the developed control
laws are effective in synchronized formation rotation.

Introduction
ECENT interest in developing long baseline interferometers
using multiple spacecraftled to the study of various problems
in the coordination and control of multiple spacecraft in forma-
tion. The use of multiple spacecraft for Michelson stellar inter-
ferometry was first proposed by Stachnik et al.!'? The feasibil-
ity of this approach for spacecraft in geosynchronous and low
Earth orbits was studied by Johnson and Nock® and DeCue.*

The operation of such interferometers calls for observation slew-
ing, which requires the rotation of the entire formation about a
given axis. Moreover, each spacecraft must rotate in synchronism
with formation rotation. In this paper, we consider multiple free-
flying spacecraft in formation, which are of basic importance in
long baseline deep space interferometers’ Attention is focused
on developing control laws for formation rotation and attitude
synchronization.

P. K. C. Wang received his B.S. (with academic honor) and M.S. from the California Institute of Technology

and his Ph.D. from the University of California, Berkeley, all in Electrical Engineering. From 1959-1964, he was
a research staff member at the I.B.M. Research Laboratory, San Jose, California. From 1964-1967, he was on the
faculty of the Department of Electrical Engineering, University of Southern California. Since 1967 he has been
on the faculty of the School of Engineering of Applied Science, University of California, Los Angeles, where he is
currently a Professor in the Department of Electrical Engineering. He has been a consultant to the Jet Propulsion
Laboratory since 1981. His research has been in the areas of stabilization and control of distributed-parameter
systems with applications to the confinement and heating of thermonuclear plasmas and to large space structures
and nonlinear wave-wave interactions, solitons, and turbulence in plasmas. His current research includes theory
for nonlinear dynamical systems with applications to microelectromechanical systems and the coordination and
the control of multiple mobile automata and spacecraft and also the effects of very low frequency electromagnetic
fields on intercellular communicationin living cells. Member AIAA.

Fred Y. Hadaegh received both his BSEE with honors and his MSEE from the University of Texas at Austin
and his Ph.D. in Electrical Engineering from the University of Southern California, Los Angeles. He joined the
Jet Propulsion Laboratory, California Institute of Technology,in 1984. He is currently a Senior Research Scientist
and Technical Supervisor for spacecraft guidance and control analysis and design for flight projects. He leads the
advanced guidance and control research and technology development efforts for various technology programs in
the Automation and Control Section. His research interests are in the areas of system identification and estimation
theory and spacecraft control analysis and design. He has published extensively on mathematical modeling of
uncertain systems, parameter identifiability, identification and control of large space structures, and autonomous
control systems. He serves in various professional organizations and on technical committees. He is an Associate
Fellow of ATAA, Senior Member of IEEE, former Associate Editor of the IEEE Transactions on Control Systems
Technology, and member of Eta Kappa Nu and Sigma Xi. He has received NASA’s Exceptional Service Medal and

NASA’s Exceptional Achievement Medal. He has also received numerous NASA New Technology Awards.

Kenneth Lau is a Senior Engineer with the Jet Propulsion Laboratory, Guidance and Control Analysis Group.
He received his BSEE and MSEE from the University of Southern California in 1984 and 1985, respectively. His
major field of study was in signal processing and control systems, with an emphasis on estimation theory. His
current research includes multiple spacecraft formation flying precision and GPS-based attitude determination
systems. He has been engaged in the design, modeling, and error analysis of the pointing and figure controllers for
space-based observatories. His previous experience includes work on guidance, navigation, and control of inertial
systems at Hughes Aircraft, Charles Stark Draper Laboratory, and Rockwell Autonetics. He has published papers
on optical systems, spacecraft pointing control, and ballistic missile calibration and alignment.

Received Dec. 29, 1997; revision received July 21, 1998; accepted for publication July 22, 1998; presented as Paper 97-3753 at the AIAA Guidance,
Navigation, and Control Conference, New Orleans, LA, Aug. 11-13, 1997. Copyright © 1998 by the American Institute of Aeronautics and Astronautics, Inc.

All rights reserved.

28



WANG, HADAEGH, AND LAU 29

We begin with the basic dynamic model of the multiple spacecraft
to be used in the developmentof control laws for formation flying.
This is followed by a discussion of the formation rotation and atti-
tude synchronizationproblem. Then control laws for performingthe
required task are derived. The paper concludes with typical results
of a computer simulation study for a free-flying spacecraft triad.

Dynamic Model for Formation Flying

We assume thatthere are N spacecraftto be flown in formationin
the three-dimensionaleuclidean space R* and that each spacecraft
is a rigid body with fixed center of mass. Let F, denote the inertial
frame with origin O € R® and F; a moving body frame whose
origin O; is at the mass center of the ith spacecraft (see Fig. 1).
For a given orthonormal basis B; for F;, the representation of a
vectora € R3 with respect to B; will be denoted by [a]’. Let r; (1)
denote the position of the mass center of the ith spacecraft at time
t in R? relative to F,. In the absence of a gravitational field and
disturbances, the evolution of r; (f) with time is governed by

D,-Z(ri) =f.i/M; (D

where f.; and M; denote the control thrust and the mass of the ith
spacecraft, respectively; D? is the time derivative operator defined
by

iq2¢. i . id(.
TO L9t x 3D W x ) @)

2 A
bi= dr? dr dr

where 'd/df and ‘ (d? /d¢?) denote the time derivative operators with
respect to the body frame F;, and w; is the angular velocity of F;
with respect to the inertial frame F,.

In formation flying, it is important to consider the relative motion
between any pair of spacecraft.Let p;; =r; —r; denote the position
of the jth spacecraftrelative to F;. Using Egs. (1) and (2), it can be
verified that the evolution of p; (#) with time is governed by

D,-Z(Pji) =f/M; —fai|M,; 3)

The attitude and angular velocity of the ith spacecraftwith respect
to the inertial frame 7, can be describedby the following quaternion
equations’

°dgi _ quwi —wi X gi dgiy _ wi “qi

, = 4
dr 2 dr 2 @
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and the Euler equation

’d(l;w;) 'dw;
dt _II dt +w1 X(Izwz)_Tw (5)
where the centered dot denotes the scalar product in R qi=
(@], 9;)" denotes the unit quaternion with ¢;; being the Euler sym-
metric parameters; ¢; = (¢i1, ¢i2, gi3)T;and I; and T; are the tensor
of inertia in the body frame F; and control torque associated with
the ith spacecraft, respectively.

Formation Rotation and Attitude Synchronization

There are many ways to fly spacecraftin formation. In the ap-
proach of Wang and Hadaegh,”® the first spacecraftis taken as the
reference spacecraft whose motion r; =r(t), t >0, serves as the
reference motion for the remaining N — 1 spacecraft (see Fig. 1).
The desired motion for the ith spacecraft,i =2, ..., N,is specified
by

d;(t) =r (1) + h; (1), 1=0 (6)

where h; (1) € R® is a specified nonzero deviation vector defined for
allt > 0. The ith spacecrafttries to track the motion of the reference
spacecraft such that the norm of the tracking error

E (1) 2d;(1) —ri(t) = py; (1) + h; (1) o

is as small as possible. The desired formation pattern at any
time ¢ > 0 is specified by the point set P(t) = {ri(¢),r (t) +
hy(t), ...,r(t) +hy(®)}.

Anotherapproachis based on nearest-neighbortracking. Here the
motion of the (i — 1)th spacecraft serves as the reference motion
for the ith spacecraft, and the desired motion for the ith spacecraft
is specified by d;(t) =r; _(t) + h;(t), t > 0. This approach could
lead to an undesirable formation pattern instability or oscillations.
In what follows, we shall consider only the former case.

Now considerthe formationbody C(t) defined by the convex hull
of P(¢) [i.e., the set of points formed by all convex combinations
of the points in P(¢)]. Let R(t) be a specified nonzero vector in
R3. Tt is required to rotate C(¢) about an axis defined by the line
L(t) = a(t) + span{R(¢)} with specified angular velocity () as
illustrated in Fig. 2, where a(?) is a specified vector in R3. More-
over, the reference spacecraft must rotate about a given body axis in
synchronism with the formation body rotation, and the remaining
spacecraftmust track the reference spacecraft’s attitude and angular

j-th SPACECRAFT

Fig.1 Sketch of coordinate systems.
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velocity. This implies that the desired angular speed of the refer-
ence spacecraftis ||C(r) + €3, ()|, and the desired angular velocity
w? (¢) and unit quaterniong? (¢) for the ith spacecraft,i =2, ..., N,
are w(¢) and g, (¢), respectively, where £, (7) is the angular veloc-
ity of £(¢) with respect to F,. Note that w?(r) and ¢¢(¢) must be
compatible with each other in the sense that they satisfy

~d d, d ~d d d | ~a
dgi _ qiwi —wi X g; daj, _ Y4

dt 2 ’ dt 2

()

T

Case (a)

and

°d(I;w?! idw?
—(c;t ! =li—=+ w! x (Lw!)27d (8b)
where ¢! = [@)". q1,]".

To clarify the foregoing notion of formation rotation and attitude
synchronization, we consider a spacecraft triad flying in a trian-
gular formation as shown in Fig. 3. Let [r]° =(x, y,2)T denote
the representation of a point r with respect to an orthonormal ba-
sis B, = {e,, e,, €.} in the inertial frame F,. We assume that the
reference spacecraft moves along a circular orbit O = {(x, y, 2):
x2 +y? = a2, z = z,} with radius a, and constant angular velocity
—w,e;, and the position of the reference spacecraftis given by

r (t) = [ao COS((OOt)]eX - [ao Sin(wot)]ey + Z0€; (9)

To define the desired initial formation, we introduce constant
deviation vectors k5 and h:
B = h3,e, + 3

y

e, +hje.
(10a)
h§ = —hj e, — hgyey + hie.

Then the desired initial formation pattern at time # is specified by
the point set

P®) = {ri@).r@) +h3,rn@ +hs) (10b)

and the formation body C(¢) is the plane domain bounded by the
isosceles triangle with vertices given by P (7). For a space inter-
ferometer, the combiner and collectors correspond to the reference
and the remaining spacecraft, respectively.! = We assume that the
spacecraft body is a rigid cylinder with uniform mass density. Let
B;={e',, e, e} be an orthonormal basis for the body frame F;

Viewed along the z-axis

Case (b)

Fig.3 Rotation of spacecraft triad in a triangular formation.
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for the ith spacecraft such that e;, is along the cylinder axis that is
also aligned with e.. We consider two different cases: a) the x” axis
is aligned with x axis, and b) the y’ axis passes through the center
of the circular orbit O at all times, except during formation rotation
(see Fig. 3). Case a corresponds to the situation where it is required
to have the instruments or solar panels on board the spacecraftpoint-
ing to a fixed direction. Thus, the desired angular velocities w¢ for
cases a and b are zero and —w,e_, respectively.

Now, suppose that the objective is to rotate the triangular for-
mation about the reference spacecraft’s cylinderical body axis with
constant angular velocity Q2 = —wpge,. Thus, the rotation axis £(r)
for C(t) is simply spanfe_}, and the deviation vectors h, (¢) and ks ()
take on the following forms:

hy(t) = [hgx cos(wgt) — h3, sin(a)Rt)]ex

+ [hgx sin(wg?) + h3, cos(a)Rt)]ey + h3.e.
‘ (11)
hs(t) = [—hgx cos(wgt) + h3, sin(a)Rt)]ex

+ [—hgx sin(wgt) — hy, cos(a)Rt)]ey + hie.

During formation rotation, the desired angular velocity w? for
the reference spacecraft relative to the inertial frame F, is —wge;
for case a and —(w, + wg)e, for case b. The corresponding de-
sired quaternionfor the reference spacecraftcan be determined from
Eq. (8a), which can be written explicitly as

at, 0 w 0 07[ah
°d | qi —wr 0 0 0 |[|ah
=10 = p (12)
dr | g5 0 0 0 w7y qdi3

qf4 0 0 —wr O qﬁ

where wr = wg /2 for case a and wyr = (w, + wg)/2 for caseb.
The solution to Eq. (12) with initial condition [q; (#1)7, q14(t;)]7
at time #, (the starting time for formation rotation) is given by

q?, () qui(t)
:q) —
[q;zm} t=n |:Q12(f1)i|
(13)
qj’3(t)i| |:Q13(f1)i|
=o@—t , t>t
[qﬁ(t) = g !
where
coslwr(t —1)]  sin[wr(f —1))]
P = |:_Sin[wr(t —1)] coslor( —m]} (1

Control Laws

To derive a control law for formation acquisition and rotation,
we consider the following equation for the tracking error E; (¢), i =
2,..., N, defined by Eq. (7):

D?(E,)éEl + (A.Ji XE,' +2w, X E,‘ +w; X (w,- XE,')

= DX(h) + (fu /M) — (fui /M) (15)

and the following positive definite function of (E;, E;) defined on
R®:

_ Ky\Ei -Ei + EE,

Vi = > , K >0 (16)

where E; 21dE;/dt, E; 2d®E; /dr?, and w; 2 'dw; /dr. The time
rate of change of V|; along any solution of Eq. (15) is given by

dvy : Je
— —E. - {D%*(h. FAS
i { i (hi) + 37

m —2w; x E; + 17 ' [w; x (Lw;) — Ty

1

M;

i

XE,'_(.UI' X(w,- XE,')'*‘KUE,'_%} =E,<W1_f;l>

where

w; = fo /M, +I;1[wi X (liw;) — 7] X E;

— Wi - Epw; + (Ky + llwi”)E; + D} () (18)

If we set
foi/M; = w; + Ky E; (19)
where K,; is a positive constant, then dV;, /dt = —K; IE:|I?> <0,

and Eq. (15) reduces to
E;(t) + Ky Ei(t) + 2w, (1) x E;(t) + K,E(tH) =0 (20)

Because E,- (@) - [w;(t) x E,- (t)] = 0 for all w; (t), it follows that all
solutions [E; (1), E;(t)] of Eq. (20) tend to (0,0) € R® as t — oo
for any Ky;, Ky, > 0,i = 2,..., N. Moreover, the zero state of
Eq. (20) is totally stable or stable under persistent disturbances’-’
This property implies that asymptotic stability of the zero state of
Eq. (20) is preserved in the presence of small state-dependent per-
turbations.

In the case where the components of the control thrusts f.; are
amplitude limited, i.e., [f; ] = (fui1, fer, feiz)T satisfies | f;;] <
F.,j=1,2,3, where F,;,i = 2,..., N, are given positive con-
stants, we consider again Eq. (17) rewritten in reference to a given
orthonormal basis B; for F;:

W s L (- L :
- —;{[E,-]_,([wi]_,- M,-)} (17)

where [w,-]_",. denotes the jth component of [w;]. If we set

Jeij = Fai Sat[gij (wi, [Ei]_i,-, [Ei]_i,-, Ser, hz)]
ji=1,2,3 (@21

where sat(-) denotes the saturation function defined by sat(a) =
sign(a) if |a| > 1 and sat(a) = a if |a| < 1, and

8ij (wi’ [Ei]_i,-, [Ei]f" fer, hi) 2 (Mi/Fci)([wi]_if + KZi[Ei]f,‘)
j=123 (22)

then

dvy; _ . i i
—t= ; {[EI-]_,- ([w,-]_,-

_ % sat[gij (wi, [E}, [ET, fr, hl)]) } (23)

For control law (21), Eq. (15) has the following representation with
respectto basis 5;:
2 L [P2p i
[P ED], = [P} ) +fua/M1],
j=12,3
(24)

It can be readily verified that if ||w; ()|, [ fo1 ()l IIDiz(h,-)(t)II,
and ||7,(1)| are uniformly bounded for all # >0, then the set
{([Ei]ls [Ei]) e RS: |gij(wi, [Ei]_l,', [Ei]_l', fcl, h)l<1,j=1,2, 3},
containsaneighborhoodof the zerostate (0, 0) € R°. Consequently,
any solution {[E;(7), E;(t)]} of Eq. (24) tends to the zero state as
t — oo for any feedback gains K; and K»; > 0 and sufficiently
small [[{[E; (O)], [E;(O)]'}].

To derive control laws for the reference and remaining spacecraft
to achieve attitude synchronization,we introduce

— (Fei/My) Sat[gij (wi, [Ei]f,', [Ei]_i,-, Set,s hi)],

5‘11'%‘17_!11' = [(@?‘éi)T,qi‘i—QM]T, 5wiéw7_wi
(25)
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where ¢! = ¢, and w! = wy, fori = 2,..., N. It follows from
Egs. (4), (5), and (8) that §¢; and dw; satisfy

°d8q;  qfw! — quwi —w! x g +wi X g
e 2
(26)
dsqs  wi-q —wi-q
e 2
and
°d(I;8w;) 'dSw; 4
=1I; + dw; X Lw; +wi X I;§w;
dr dr ! !
—dw; X I;dw; = Ti,’i — T 27)

By requiring the time rate of change of the following positive
definite function along any solution of Egs. (26) and (27) to be
nonpositivefor all # > 0:

N N 5(4},‘ . I,-(Sw,-
Vo = in(5Q,-24 +4q; - 5111‘) + T (28)

we obtain the following attitude control law:

Idw;
T = Kyis + Kwilidw; + TE,II- - wjl x 2o (29)
where K,; and K,,; are positive constant feedback gains, and
s = q46q; — 8qisq} — § x 54 (30)

It can be verified’ that under the action of control law (29), any
solution [8¢;(¢), 8q4(t), dw;(¢)] of Egs. (26) and (27) tends to
(0,0,0) € R” ast — 0.

In the case where the control torques 7.; are amplitude limited
{ie, [Tal = (Tir, T, Te3)" satisfies |t < T, j = 1,2,3},
where T;,i =1, ..., N, are given positive constants, we set

[Kyis + Koiidw; + 74 — w! x (I3w;)/2]
T.i

i
J

[TL-i]_i,» =T, sat

j=123 @1

Here, because the control torques are amplitude limited, loss of
synchronization can occur when the angular speed of formation

rotation or the reference spacecraft is so high that the remaining
spacecraft are unable to track the formation rotation. The possible
occurrence of this phenomenon can be deduced from the following
inequality obtained by first integrating Eq. (27) from time ¢, to t,
and making use of the triangle inequality |l@ — b|| > |la|| — ||b]| for
norms of vectorsa and b:

I [dw; (1) — dw; (t)]llec =

/ [Ti,[i (8) — T (s)] ds

o0

t t t
> / Th(s)ds|| — / Ta(s)ds|| > / 74 (s)ds
to to to

o0 o0 o0

t t
- / I7ci ()l ds = / T () ds|| = Tu(t —1,)
to to 00
t=1, (32)
where |lall £ max{|a;|;i = 1,2,3} anda = (a,, a5, a3). Now
suppose that the desired angular speed is such that the various cor-
responding 7% satisfy

t
/ 74(s) ds
to

o0

- TL'i(t - to) = ni(t - to)

forall? insometimeinterval Iy = [#,, T ] and some positiveconstant
n;. Then the norm of the deviation in the angular momentum of
the ith spacecraft from its desired value grows with time over Ir.
Consequently, loss of synchronizationresults.

From Eqgs. (18) and (19), it is evident that the formation control
law consists of feedback terms involving E; (t), E;(t), w;(t), and
T.(t) and feedforward terms involving DI.Z (h;)(¢) and the control
thrust £, (¢) of the reference spacecraft. Figure 4 shows the struc-
ture of the overall control system. The reference-pathparameters are
fed into the reference-pathcommand generator, which produces the
necessary data for generating the controls for the reference space-
craft. Similarly, the formation-pattern parameters are fed into the
formation-command generator for the ith spacecraft, whose output
along with the displacement, velocity, quaternion, and angular ve-
locity of the ith spacecraft relative to the reference spacecraft are
used in generating the controls for the ith spacecraft.

REFERENCE SPACECRAFT

TRANSLATION >T 0
| = DYNAMICS
REFERENCE PATH
PARAMETERS
—| — ATTITUDE
I ) E—
DYNAMICS = q. .,
1’71
FORMATION
PATTERN
PARA 3
METERS i-th SPACECRAFT
U o
ATTITUDE 0@ {1+
FORMATION | DYNAMICS _.;Q/’ 8q1 ’ awl
coMMAND | CONTROL
4  LAwW
GENERATOR :
r,r +
TRANSLATION i1 .
DYNAMICS —:O =P, P

i1 i1

Fig. 4 Structure of the overall control system.
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SPACECRAFT TRIAD MOTION IN 3D-SPACE

REFERENCE SPACECRAFT

0-
2
4
Lol
E 6l
N FORMATION
EXPANSION
-8
FORMATION ROTATION
1/2 REV. ABOUT 2-AXIS
‘10\ t = 150 sec.
FORMATION ROTATION
1/2 REV. ABOUT Z-AXIS
125 \
50

Y (m)

REFERENCE ORBIT

50

X (m)

Fig. 5 Trajectories of a spacecraft triad undergoing formation reconfiguration and rotation in three-dimensional space.

Simplified Control Laws
Control laws (19) and (21) for formation acquisition and rotation
have complex forms that cannot be readily implemented. In what
follows, we shall consider a simplified version of control law (19)
given by
fi/M; = K\ E; + Ky E; + W, (33)

where K; and K,; are positive self-adjointlinear transformationson
R? onto R?, and

ﬁ’i =fc1/M1 +D,-2(hi) (34)

Substituting Eq. (33) into Eq. (15) leads to the following linear
time-varying differential equation for the tracking error:

Et)+R(ME; (1) + S (DE; (1) =0 (35)

where R;(t) and S;(¢) are linear transformations on R*® into R*
defined by

R, (1) = Ky +2w; (1) x () (36)
and
Si(t) = wi(t) x () +w; Olwi ()] + [Kii — lw:11] (37
Consider the following function defined on R:

E,‘ 'KliEi + E,‘ . Ei +2]/E, 'E,'
2

V= (38)

where y is a positive constant. Because K; is a positive self-adjoint
linear transformation, hence

E; KiE; > Auin (K1) IIE; |1 (39)

where Api,(K;) denotes the minimum eigenvalue of Kj;. From
Eq. (39) and the inequality E; - E; > —|| E; || |IE; ||, it follows that V;
satisfies the lower bound:

oo L[IE TP IEAY L PIE. B (@0)
=5 | E;| IE| |~ 2 min i Lij

where ||(E;, EDII* = |E; > + | E; %,

)‘min Ki -
P [ K1) y} 1)
_]/ 1
Thus, if
Amin (K1) = 2 (42)

then V; is positive definite on R°. We shall show that under certain
mild conditions the zero state of Eq. (35) is exponentially stable.
Consider the time rate of change of V; given by

av, s . .
- = VEi (lwiI’T = K,)E; + E; - (I — K> E;
—y(i -E)’ — E; - (& X E) — (wi - E)(E; - w)
+E; - (lwi*l — yKx ) Ei —2yE; - (w; x E)) (43)

From Eq. (5), itis evident that for bounded controltorque ; [i.e.,
|7 ()l < T, < oo forall# > 0] there exist positive constants o;
and B; such that

sup{llw; () l; t = 0} <o < 00

(44)
supl{llw; ()Il; 1 =0} < B <00
Then dV, /dt satisfies the following estimate:
av; IEN"  [IE:
— =, . (45)
dr [IIE,- d 2 [nE,- d
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Fig.6b Angular velocity components of spacecraft triad vs time.
where
Aomin (K1) — o2 S1i
Q:{V[ min (K17) 0‘,] 1 } (46)
1 Amin (K2i) — ¥
where §;; = (8; — 2ya; +a? + y IKy ) /2. Now if

)‘min(Kli) > aizs )‘min(KZi) >y
(47

¥ [Anin K1) = 02 | o (Kz) — ¥1 > 83,

then Q is positive definite. Thus, under conditions (42) and (47), we
have

de 2 o2 )Vmin(Q) >
= < —anin (@) (IE: 1P + 1E; %) < —2{m}v,- (48)
It follows that
7.(t) < Vi) exp {—2[1‘“?—%}} (49)
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Fig. 7a Time records for the attitude errors of spacecraft 2 and 3
relative to the reference spacecraft (A ;—relative attitude angle between
the ith and the reference spacecraft).
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Fig.7b Time records for the norm of position tracking errors of space-
craft 2 and 3 relative to the reference spacecraft.

forallz > 0, which implies exponential stability of the zero state of
Eq. (39).

Remark: The inclusionof the term w; in controllaw (33) is essen-
tial in achieving exponential stability. Because w; given by Eq. (34)
involves the deviation vector k; (t) and control law f,; associated
with the reference spacecraft, these data must be transmitted to the
ith spacecraft. If the ith spacecraft receives the deviation vector
h;(t) and its velocity h; () from the reference spacecraft and has
onboard sensors to measure the relative position p; (f) and velocity
p;1 (1), then the positional error and error rate can be determined
by E;(t) =h;(t) — p;, (¢) and E;(t) =h;(t) — p;, (1), respectively.
These data are required for the implementation of the simplified
control law (33).

Simulation Study

To determine the effectiveness of the proposed control laws, we
consider a spacecraft triad discussed earlier. The spacecraft param-
eter values are given in the Appendix. We present only typical sim-
ulation results for case a where the desired angular velocity for the
reference spacecraftis zero before and after formation rotation.

Consider the scenario where the first spacecraft generates a circu-
lar reference orbit for the remaining two spacecraft given by Eq. (9)
with w, = 0.071 rad/s. The spacecraft are initially clustered and
expand to a triangular formation pattern specified by P(¢) given by
Eq. (10b) with

h = 4e, — Ge., h§ = —4e, — Ge, (50)



WANG, HADAEGH, AND LAU 35

L L L
¢] 50 100 150 200 250
Time (sec)

0 1 L ' L
0 50 100 150 200 250
Time (sec)

Fig.8. Time records for the distances between spacecraft 2, 3, and the
reference spacecraft (d;;—distance between the ith and the reference
spacecraft).

At t =50 s, the formation begins rotation for half a revolution
about the vertical axis with desired constant angular velocity £ =
—0.25e, rad/s. Itis required that the reference spacecraftalso rotates
about the vertical axis in synchronism with the formation rotation
and that the remaining two spacecraft track the attitude of the ref-
erence spacecraft. At + = 100 s, the spacecraft triad expands to a
larger triangular formation with P(¢) given by Eq. (10b) with

hj = —8e, — 12e., hi = 8e, — 12e. (5D
Finally, at + = 150 s, the formation rotation is repeated. Typical
simulation results for control law (19) are shown in Fig. 5, which
depicts the trajectories of the spacecraft triad in three-dimensional
space. The time records for the quaternions and angular velocities
are shown in Figs. 6a and 6b, respectively. The time records for
the attitude errors and the norms of the position tracking errors for
spacecraft 2 and 3 relative to the reference spacecraft are shown
in Figs. 7a and 7b, respectively. The time records for the distances
between spacecraft 2 and 3 and the reference spacecraft are shown
inFig. 8. Here, the feedback gains K y;, K;, K,;, and K,; have been
tuned to achieve rapid response with acceptable overshoot. Their
values are given in the Appendix. Simulation studies for the case
with the simplified control law (33) with K; = K;I and K,; =
K, I have also been obtained. The results do not differ appreciably
from those given here for control law (19). A video depicting the
simulation results for various scenarios in synchronized formation
rotation is available.”

Conclusion

In this paper, control laws for formation rotation of multiple
free-flying spacecraft about a given axis and synchronization of

individual spacecraft rotation with formation rotation are derived
using a simplified dynamic model in the absence of gravitational
field and other disturbances. Simulation studies based on a generic
spacecraft model showed that the derived control laws are effective
for this mode of operation. In the presence of amplitude limited
control thrusts, the derived control laws are effective provided that
the formation rotation speed is sufficiently low. Various problems
associated with the implementation of the control laws for real
spacecraft and the effect of gravitational and environmental dis-
turbances on the spacecraft motion are not considered here. They
require further study.

Appendix: Parameter Values for Simulation Study
The spacecraftmass (inkilograms) was M, =20; M, = M; = 10.
The moment of inertia about the x; axis (in kilogram-square me-
ters) was I, =0.7290; I,, = 1,5 =0.3645.

The moment of inertia about the y; axis (in kilogram-square me-
ters) was I,; = 0.54675; 1,, = 1,5 =0.2734.

The moment of inertia about the z; axis (in kilogram-square me-
ters) was I,; =0.625; I, =13 =0.3125.

The feedback gains were Ky; = 1 and K,; =10 wherei =1, 2, 3,
Ky=1,K;»=K;3=0.335 K, =5.5,and K, = K3 = 10.
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